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a b s t r a c t
In this paper we study the global behavior of the nonnegative equilibrium points of the
difference equation
xn+1 = Axn−m
B+ C
2k+1∏
i=0
xn−i
, n = 0, 1, . . .
where A, B, C are nonnegative parameters, initial conditions are nonnegative real numbers
and k,m are nonnegative integers, m ≤ 2k + 1. Also we derive solutions of some special
cases of this equation.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Difference equations play an important role in the analysis of mathematical models of biology, physics and engineering.
Rational difference equations are an important class of difference equations which have many applications in real life, for
example the difference equation xn+1 = a+bxnc+xn , which is known as the Riccati Difference Equation, has applications in optics
and mathematical biology (see [1]). Many researchers have investigated the behavior of the solution of rational difference
equations. For example see Refs. [2–17,1,18].
Aloqeili [15] studied the solutions, stability character, and semi-cycle behavior of the difference equation
xn+1 = xn−1a− xn−1xn
and gave the following formulation
xn =

x0
n
2∏
i=1
a2i−1(1− a)− (1− a2i−1)x−1x0
a2i(1− a)− (1− a2i)x−1x0 , n even,
x−1
n+1
2∏
i=0
a2i−1(1− a)− (1− a2i)x−1x0
a2i+1(1− a)− (1− a2i+1)x−1x0 , n odd.
Andruch et al. [2] studied the asymptotic behavior of solutions of the difference equation
xn+1 = axn−1b+ cxnxn−1 .
Cinar [4] investigated the global asymptotic stability of all positive solutions of the rational difference equation
xn+1 = axn−11+ bxnxn−1 .
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Also, Cinar [5] investigated the positive solutions of the rational difference equation
xn+1 = xn−1−1+ xnxn−1 .
Yalcinkaya [13] investigated the global behaviour of the rational difference equation
xn+1 = α + xn−mxkn
.
El-Owaidy et al. [11] studied the dynamics of the recursive sequence
xn+1 = αxn−1
β + γ xpn−2
.
Battaloğlu [16] discussed the global asymptotic behavior and periodicity character of the following difference equation
xn+1 = αxn−k
β + γ xpn−(k+1)
by generalizing the results due to El-Owaidy et al.
Hamza et al. [3] studied the asymptotic stability of the nonnegative equilibrium point of the difference equation
xn+1 = Axn−1
B+ C
k∏
i=l
xn−2i
.
Gibbons et al. [7] investigated the global asymptotic behavior of the difference equation
xn+1 = α + βxn−1
α + xn .
Elsayed [10] investigated the qualitative behavior of the solution of the difference equation
xn+1 = axn + bx
2
n
cxn + dxn−1 .
Elabbasy et al. [9] investigated some qualitative behavior of the solutions of the recursive sequence
xn+1 = αxn−k
β + γ
k∏
i=0
xn−i
.
Our aim in this paper is to investigate the dynamics of the solution of the difference equation
xn+1 = Axn−m
B+ C
2k+1∏
i=0
xn−i
, n = 0, 1, . . . (1.1)
where A, B, C are nonnegative real numbers, initial conditions are nonnegative and m, k are nonnegative integers,
m ≤ 2k+ 1. Also we obtained solutions of some special cases of Eq. (1.1).
2. Preliminaries
Let I be some interval of real numbers and let f : Ik+1 → I be a continuously differentiable function. Then for every set
of initial conditions x−k, x−(k+1), . . . , x0 ∈ I , the difference equation
xn+1 = f (xn, xn−1, . . . , xn−k), n = 0, 1, . . . (2.1)
has a unique solution {xn}∞n=−k .
Definition 1. An equilibrium point for Eq. (2.1) is a point x ∈ I such that x = f (x, x, . . . , x).
Definition 2. A sequence {xn}∞n=−k is said to be periodic with period p if xn+p = xn for all n ≥ −k.
Definition 3. (i) The equilibrium point x of Eq. (2.1) is locally stable if for every ε > 0, there exists δ > 0 such that for all
x−k, x−(k−1), . . . , x0 ∈ I with |x−k − x| +
∣∣x−(k−1) − x∣∣+ · · · + |x0 − x| < δ, we have |xn − x| < ε for all n ≥ −k.
(ii) The equilibrium point x of Eq. (2.1) is locally asymptotically stable if x is a locally stable solution of Eq. (2.1) and
there exists γ > 0, such that for all x−k, x−(k−1), . . . , x0 ∈ I with |x−k − x| +
∣∣x−(k−1) − x∣∣ + · · · + |x0 − x| < γ , we have
lim
n→∞ xn = x.
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(iii) The equilibrium point x of Eq. (2.1) is a global attractor if for all x−k, x−(k−1), . . . , x0 ∈ I , we have lim
n→∞ xn = x.
(iv) The equilibrium point x of Eq. (2.1) is globally asymptotically stable if x is locally stable, and x is also a global attractor
of Eq. (2.1).
(v) The equilibrium point x of Eq. (2.1) is unstable if x is not locally stable.
The linearized equation associated with Eq. (2.1) is
yn+1 =
k∑
i=0
∂ f
∂xn−i
(x, x, . . . , x) yn−i, n = 0, 1, . . . . (2.2)
The characteristic equation associated with Eq. (2.2) is
λk+1 −
k∑
i=0
∂ f
∂xn−i
(x, x, . . . , x) λk−i = 0. (2.3)
Theorem 1 ([18]). Assume that f is a C1 function and let x be an equilibrium point of Eq. (2.1). Then the following statements
are true.
(i) If all roots of Eq. (2.3) lie in the open disk |λ| < 1, then x is locally asymptotically stable.
(ii) If at least one root of Eq. (2.3) has absolute value greater than one, then x is unstable.
3. Dynamics of Eq. (1.1)
In this section, we investigate the dynamics of Eq. (1.1) under the assumptions that all parameters are nonnegative real
numbers, the initial conditions are nonnegative real numbers andm, k are nonnegative integers.
The change of variables xn = 2k+2
√
B
C yn reduces Eq. (1.1) to the difference equation
yn+1 = γ yn−m
1+
2k+1∏
i=0
yn−i
, n = 0, 1, . . . (3.1)
where γ = AB . We can see that y1 = 0 is always an equilibrium point of Eq. (3.1). When γ > 1, Eq. (3.1) also possesses the
unique positive equilibrium y2 = 2k+2
√
γ − 1.
Theorem 2. The following statements are true:
(i) If γ < 1, then the equilibrium point y1 = 0 of Eq. (3.1) is locally asymptotically stable,
(ii) If γ > 1, then the equilibrium points y1 = 0 and y2 = 2k+2
√
γ − 1 are unstable.
Proof. The linearized equation associated with Eq. (3.1) about y is
zn+1 + γ y
2k+2(
1+ y2k+2)2
(
2k+1∑
i=0
zn−i − zn−m
)
− γ(
1+ y2k+2)2 zn−m = 0, n = 0, 1, . . . .
The characteristic equation associated with this equation is
λ2k+2 + γ y
2k+2(
1+ y2k+2)2
(
2k+1∑
i=0
λi − λ2k+1−m
)
− γ 1(
1+ y2k+2)2 λ2k+1−m = 0.
Then the linearized equation of Eq. (3.1) about the equilibrium point y1 = 0 is
zn+1 − γ zn−m = 0, n = 0, 1, . . . .
The characteristic equation of Eq. (3.1) about the equilibrium point y1 = 0 is
λ2k+1−m
(
λm+1 − γ ) = 0.
So
λ = 0 and λ = m+1√γ . In view of Theorem 1:
If γ < 1, then |λ| < 1 for all roots and the equilibrium point y1 = 0 is locally asymptotically stable.
If γ > 1, it follows that the equilibrium point y1 = 0 is unstable.
The linearized equation of Eq. (3.1) about the equilibrium point y2 = 2k+2
√
γ − 1 becomes
zn+1 +
(
1− 1
γ
)(2k+1∑
i=0
zn−i − zn−m
)
− 1
γ
zn−m = 0, n = 0, 1, . . . .
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The characteristic equation of Eq. (3.1) about the equilibrium point y2 = 2k+2
√
γ − 1 is
λ2k+2 +
(
1− 1
γ
)(2k+1∑
i=0
λi − λ2k+1−m
)
− 1
γ
λ2k+1−m = 0.
It is clear that this equation has a root in the interval (−∞,−1). Then the equilibrium point y2 = 2k+2
√
γ − 1 is
unstable. 
Theorem 3. Assume that γ < 1, then the equilibrium point y1 = 0 of Eq. (3.1) is globally asymptotically stable.
Proof. Let {yn}∞n=−(2k+1) be a solution of Eq. (3.1). From Theorem 2 we know that the equilibrium point y1 = 0 of Eq. (3.1) is
locally asymptotically stable. So it suffices to show that
lim
n→∞ yn = 0.
Since
yn+1 = γ yn−m
1+
2k+1∏
i=0
yn−i
≤ γ yn−m.
We obtain
yn+1 ≤ γ yn−m.
Then it can be written for l = 0, 1, . . .
yl(m+1)+1 ≤ γ l+1y−m,
yl(m+1)+2 ≤ γ l+1y−(m−1),
. . .
yl(m+1)+m+1 ≤ γ l+1y0.
If γ < 1, then lim
l→∞ γ
l+1 = 0
and
lim
n→∞ yn = 0.
The proof is complete. 
Corollary 1. Assume that γ = 1. Then every solution of Eq. (3.1) is bounded.
Proof. Let {yn}∞n=−(2k+1) be a solution of Eq. (3.1). It follows from Eq. (3.1) that
yn+1 = yn−m
1+
2k+1∏
i=0
yn−i
≤ yn−m.
Then in view of the proof of Theorem 3, we have for l = 0, 1, . . .
yl(m+1)+1 ≤ y−m,
yl(m+1)+2 ≤ y−(m−1),
. . .
yl(m+1)+m+1 ≤ y0.
So every solution of Eq. (3.1) is bounded from above by A = max {y−m, y−(m−1), . . . , y0, }. 
Theorem 4. Assume that at least one of the initial conditions y−i (i = 0, 1, . . . ,m) of Eq. (3.1) is zero, then the following
statements are true:
(i) If γ > 1, then every solution of Eq. (3.1) is unbounded except zero.
(ii) If γ = 1, then Eq. (3.1) has periodic solutions of period (m+ 1) .
Proof. (i) Let {yn}∞n=−(2k+1) be a solution of Eq. (3.1). It follows from Eq. (3.1) and our assumption that
yn+1 = γ yn−m.
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Then we get for l = 0, 1, . . .
yl(m+1)+1 = γ l+1y−m,
yl(m+1)+2 = γ l+1y−(m−1),
. . .
yl(m+1)+m+1 = γ l+1y0.
If γ > 1, then lim
l→∞ γ
l+1 = ∞ and every solution of Eq. (3.1) is unbounded except zero.
(ii) If γ = 1, from (i) it is obvious that Eq. (3.1) has periodic solutions of period (m+ 1) . 
4. The solution form of some special cases of Eq. (1.1)
Our aim in this section is to find a specific form of the solutions of some special cases of Eq. (1.1).
4.1. On the difference equation xn+1 = Axn−(2k+1)A+∏2k+1i=0 xn−i
When we takem = 2k+ 1, B = A and C = 1 in Eq. (1.1), we obtain the equation
xn+1 = Axn−(2k+1)
A+
2k+1∏
i=0
xn−i
, n = 0, 1, . . . , (4.1)
where k is a positive integer and initial conditions are non zero real numbers with
∏2k+1
i=0 x−i 6= −A.
Theorem 5. Assume that
∏2k+1
i=0 x−i = p and p 6= −A. Let {xn}∞n=−(2k+1) be a solution of Eq. (4.1). Then for n = 0, 1, . . . all
solutions of Eq. (4.1) are of the form
x(2k+2)n+1 =
Ax−(2k+1)
n∏
i=1
[A+ (2k+ 2) ip]
(A+ p)
n∏
i=1
{A+ [(2k+ 2) i+ 1] p}
,
x(2k+2)n+2 =
x−(2k) (A+ p)
n∏
i=1
{A+ [(2k+ 2) i+ 1] p}
(A+ 2p)
n∏
i=1
{A+ [(2k+ 2) i+ 2] p}
,
x(2k+2)n+3 =
x−(2k−1) (A+ 2p)
n∏
i=1
{A+ [(2k+ 2) i+ 2] p}
(A+ 3p)
n∏
i=1
{A+ [(2k+ 2) i+ 3] p}
,
. . .
x(2k+2)n+2k+1 =
x−1 [A+ 2kp]
n∏
i=1
{A+ [(2k+ 2) i+ 2k] p}
[A+ (2k+ 1) p]
n∏
i=1
{A+ [(2k+ 2) i+ 2k+ 1] p}
,
x(2k+2)n+2k+2 =
x0 [A+ (2k+ 1) p]
n∏
i=1
{A+ [(2k+ 2) i+ 2k+ 1] p}
[A+ (2k+ 2) p]
n∏
i=1
{A+ [(2k+ 2) i+ 2k+ 2] p}
.
Proof. For n = 0 the result holds. Now assume that n > 0 and that our assumption holds for n− 1. Then
x(2k+2)n−(2k+1) =
Ax−(2k+1)
n−1∏
i=1
[A+ (2k+ 2) ip]
(A+ p)
n−1∏
i=1
{A+ [(2k+ 2) i+ 1] p}
,
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x(2k+2)n−(2k) =
x−(2k) (A+ p)
n−1∏
i=1
{A+ [(2k+ 2) i+ 1] p}
(A+ 2p)
n−1∏
i=1
{A+ [(2k+ 2) i+ 2] p}
,
x(2k+2)n−(2k−1) =
x−(2k−1) (A+ 2p)
n−1∏
i=1
{A+ [(2k+ 2) i+ 2] p}
(A+ 3p)
n−1∏
i=1
{A+ [(2k+ 2) i+ 3] p}
,
. . .
x(2k+2)n−1 =
x−1 [A+ 2kp]
n−1∏
i=1
{A+ [(2k+ 2) i+ 2k] p}
[A+ (2k+ 1) p]
n−1∏
i=1
{A+ [(2k+ 2) i+ 2k+ 1] p}
,
x(2k+2)n =
x0 [A+ (2k+ 1) p]
n−1∏
i=1
{A+ [(2k+ 2) i+ 2k+ 1] p}
[A+ (2k+ 2) p]
n−1∏
i=1
{A+ [(2k+ 2) i+ 2k+ 2] p}
.
It follows from Eq. (4.2) and the above equalities that
x(2k+2)n+1 = Ax(2k+2)n−(2k+1)
A+
2k+1∏
i=0
x(2k+2)n−i
=
A
Ax−(2k+1)
n−1∏
i=1
[A+(2k+2)ip]
(A+p)
n−1∏
i=1
{A+[(2k+2)i+1]p}
A+
Ax−(2k+1)x−(2k)···x0
n−1∏
i=1
[A+(2k+2)ip]
[A+(2k+2)p]
n−1∏
i=1
{A+[(2k+2)i+2k+2]p}
=
A
Ax−(2k+1)
n−1∏
i=1
[A+(2k+2)ip]
(A+p)
n−1∏
i=1
{A+[(2k+2)i+1]p}
A+
Ap
n−1∏
i=2
[A+(2k+2)ip]
n∏
i=2
[A+(2k+2)ip]
=
A
Ax−(2k+1)
n−1∏
i=1
[A+(2k+2)ip]
(A+p)
n−1∏
i=1
{A+[(2k+2)i+1]p}
A+ ApA+(2k+2)np
=
A
Ax−(2k+1)
n−1∏
i=1
[A+(2k+2)ip]
(A+p)
n−1∏
i=1
{A+[(2k+2)i+1]p}
A A+[(2k+2)n+1]pA+(2k+2)np
=
Ax−(2k+1)
n∏
i=1
[A+ (2k+ 2) ip]
(A+ p)
n∏
i=1
{A+ [(2k+ 2) i+ 1] p}
.
Hence, we have
x(2k+2)n+1 =
Ax−(2k+1)
n∏
i=1
[A+ (2k+ 2) ip]
(A+ p)
n∏
i=1
{A+ [(2k+ 2) i+ 1] p}
. (4.2)
Also, we get from Eq. (4.1) that
x(2k+2)n+2 = Ax(2k+2)n−(2k)
A+
2k∏
i=−1
x(2k+2)n−i
.
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We have from Eq. (4.2) and the above equalities
x(2k+2)n+2 =
A
x−(2k)(A+p)
n−1∏
i=1
{A+[(2k+2)i+1]p}
(A+2p)
n−1∏
i=1
{A+[(2k+2)i+2]p}
A+
Ap
n∏
i=1
[A+(2k+2)ip]
{A+[(2k+2)n+1]p}[A+(2k+2)p]
n−1∏
i=1
{A+[(2k+2)i+2k+2]p}
=
A
x−(2k)(A+p)
n−1∏
i=1
{A+[(2k+2)i+1]p}
(A+2p)
n−1∏
i=1
{A+[(2k+2)i+2]p}
A+ ApA+[(2k+2)n+1]p
= A
x−(2k) (A+ p)
n−1∏
i=1
{A+ [(2k+ 2) i+ 1] p}
(A+ 2p)
n−1∏
i=1
{A+ [(2k+ 2) i+ 2] p}
.
A+ [(2k+ 2) n+ 1] p
A {A+ [(2k+ 2) n+ 2] p}
=
x−(2k) (A+ p)
n∏
i=1
{A+ [(2k+ 2) i+ 1] p}
(A+ 2p)
n∏
i=1
{A+ [(2k+ 2) i+ 2] p}
.
That is,
x(2k+2)n+2 =
x−(2k) (A+ p)
n∏
i=1
{A+ [(2k+ 2) i+ 1] p}
(A+ 2p)
n∏
i=1
{A+ [(2k+ 2) i+ 2] p}
.
Similarly, one can obtain the other cases. Thus, the proof is complete. 
Theorem 6. Eq. (4.1) has periodic solutions of period (2k + 2) iff one of the initial condition is zero and will take the form{
x−(2k+1), x−2k, . . . , x−1, x0, x1, x2, . . . , x2k+2, . . .
}
.
Proof. Firstly, assume that there exists a prime period (2k+ 2) solution x−(2k+1), x−2k, . . . , x−1, x0, x1, x2, . . . , x2k+2, . . . of
Eq. (4.1).
We have from the form of solution of Eq. (4.1) that
x−(2k+1) = Ax−(2k+1)
(A+ p) , x−2k =
x−(2k) (A+ p)
(A+ 2p) , . . . , x0 =
x0 [A+ (2k+ 1) p]
[A+ (2k+ 2) p] .
Then p = 0. That is, one of the initial conditions is zero.
Now suppose that one of the initial conditions is zero. Then we have x(2k+2)n+1 = x−(2k+1), x(2k+2)n+2 = x−2k, . . . ,
x(2k+2)n+2k+2 = x0, x(2k+2)n+2k+3 = x−(2k+1), x(2k+2)n+2k+4 = x−2k, . . . , x(2k+2)n+(2k+2) = x0. Thus,we obtain a period (2k+2)
solution.
The proof is complete. 
4.2. On the difference equation xn+1 = Axn−(2k+1)−A−∏2k+1i=0 xn−i
In this section we obtain a form of the solutions of the equation
xn+1 = Axn−(2k+1)
−A−
2k+1∏
i=0
xn−i
, n = 0, 1, . . . , (4.3)
where k is a positive integer and initial conditions are non zero real numbers with
∏2k+1
i=0 x−i 6= −A.
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Theorem 7. Assume that
∏2k+1
i=0 x−i = p and p 6= −A. Let {xn}∞n=−(2k+1) be a solution of Eq. (4.3). Then for n = 0, 1, . . .
x2(k+1)n+1 = A
n+1x−(2k+1)
(−A− p)n+1 , x2(k+1)n+2 =
(
1
A
)n+1
x−(2k) (−A− p)n+1 ,
x2(k+1)n+3 = A
n+1x−(2k−1)
(−A− p)n+1 , x2(k+1)n+4 =
(
1
A
)n+1
x−(2k−2) (−A− p)n+1 ,
. . .
x2(k+1)n+2k+1 = A
n+1x−1
(−A− p)n+1 , x2(k+1)n+2k+2 =
(
1
A
)n+1
x0 (−A− p)n+1 .
Proof. For n = 0 the result holds. Now assume that n > 0 and that our assumption holds for n− 1. Then
x2(k+1)n−(2k+1) = A
nx−(2k+1)
(−A− p)n , x2(k+1)n−(2k) =
(
1
A
)n
x−(2k) (−A− p)n ,
x2(k+1)n−(2k−1) = A
nx−(2k−1)
(−A− p)n , x2(k+1)n−(2k−2) =
(
1
A
)n
x−(2k−2) (−A− p)n ,
. . .
x2(k+1)n−1 = A
nx−1
(−A− p)n , x2(k+1)n =
(
1
A
)n
x0 (−A− p)n .
It follows from Eq. (4.3) that
x2(k+1)n+1 = Ax2(k+1)n−(2k+1)
−A−
2k+1∏
i=0
x2(k+1)n−i
and we have from the above equalities
2k+1∏
i=0
x2(k+1)n−i = p.
Then
x2(k+1)n+1 =
A A
nx−(2k+1)
(−A−p)n
−A− p
= A
n+1x−(2k+1)
(−A− p)n+1 .
Hence, we have
x2(k+1)n+1 = A
n+1x−(2k+1)
(−A− p)n+1 . (4.4)
Also, we get from Eq. (4.3) that
x2(k+1)n+2 = Ax2(k+1)n−(2k)
−A−
2k∏
i=−1
x2(k+1)n−i
.
We have from Eq. (4.4) and the above equalities
2k∏
i=−1
x2(k+1)n−i = Ap−A− p .
Then
x2(k+1)n+2 = A
( 1
A
)n
x−(2k) (−A− p)n
−A− Ap−A−p
=
(
1
A
)n+1
x−(2k) (−A− p)n+1 .
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Hence, we have
x2(k+1)n+2 =
(
1
A
)n+1
x−(2k) (−A− p)n+1 .
Similarly, one can obtain the other cases. Thus, the proof is complete. 
Theorem 8. Eq. (4.3) has periodic solutions of period (2k+2) iff p = −2A and will take the form {x−(2k+1), x−(2k), . . . , x−1, x0,
x1, . . . , x2k+2, . . .}.
Proof. Firstly, assume that there exists a prime period (2k+ 2) solution x−(2k+1), x−(2k), . . . , x−1, x0, x1, x2, . . . , x2k+2, . . .
of Eq. (4.3).
We have from the form of solution of Eq. (4.3) that
x−(2k+1) = A
n+1x−(2k+1)
(−A− p)n+1 , x−(2k) =
(
1
A
)n+1
x−(2k) (−A− p)n+1 ,
x−(2k−1) = A
n+1x−(2k−1)
(−A− p)n+1 , x−(2k−2) =
(
1
A
)n+1
x−(2k−2) (−A− p)n+1 ,
. . .
x−1 = A
n+1x−1
(−A− p)n+1 , x0 =
(
1
A
)n+1
x0 (−A− p)n+1 .
Then
p = −2A.
Secondly, suppose that p = −2A. Then we have
x2(k+1)n+1 = x−(2k+1), x2(k+1)n+2 = x−(2k),
x2(k+1)n+3 = x−(2k−1), x2(k+1)n+4 = x−(2k−2),
. . .
x2(k+1)n+2k+1 = x−1, x2(k+1)n+2k+2 = x0.
Thus, we obtain a period (2k+ 2) solution.
The proof is complete. 
5. Numerical results
In this section, we give a few numerical results for some special values of the parameters.
Example 1. Let yn+1 = γ yn−m1+∏2k+1i=0 yn−i , n = 0, 1, . . . , 99 andm = 2, k = 1, γ = 0.5, y−3 = 1.5, y−2 = 0.3, y−1 = 1, y0 = 2.
Then we have the following results for y1 = 0:
n yn n yn
1 0.078947 52 5.60603 · 10−7
16 0.002296 61 7.00754 · 10−8
31 0.000071 90 1.72490 · 10−9
49 0.000001 100 8.55412 · 10−12
Example 2. Let yn+1 = γ yn−m1+∏2k+1i=0 yn−i , n = 0, 1, . . . , 99 and m = 2, k = 1, γ = 1.5, y−3 = 3, y−2 = 2, y−1 = 1.5, y0 = 1.
Then we have the following results which show y1 = 0 is unstable.
n yn n yn
1 0.3 52 62.19161
16 0.542198 63 0.027257
31 3.649552 89 3.99059 ·10−9
49 41.47045 100 40697.01
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Example 3. Let xn+1 = Axn−(2k+1)A+∏2k+1i=0 xn−i , n = 0, 1, . . . , 7 and k = 1, A = 2, x−3 = 0, x−2 = 1, x−1 = 0.5, x0 = 3. Then we
have the following results from Theorem 6:
n xn n xn
1 0 5 0
2 1 6 1
3 0.5 88 0.5
4 3 100 3
Example 4. Let xn+1 = Axn−(2k+1)−A−∏2k+1i=0 xn−i , n = 0, 1, . . . , 7 and k = 1, A = 3, x−3 = −2, x−2 = −3, x−1 = 2, x0 = 0.5. Then
we have the following results from Theorem 8:
n xn n xn
1 −2 5 −2
2 3 6 3
3 2 7 2
4 0.5 8 0.5
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